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The main result of this paper is the following: the only zeros of the title 
function are at n = 3 and n = 12. This is achieved by means of the recursion 
function for f(n), viz. F(x) = x3 - x - 1 which has only one real root W. 
This turns out to be the fundamental unit of Q(W). From the norm equation of 
the units, N(w) = Xs + y” + .za - 3xyz + 2x22 + xza - xye - yze = 1, and 
the negative powers of w which are of binary form, the result follows. The paper 
concludes with two remarkable combinatorial identities. 
The question of the zeros of the function f(n) = zip0 (- 1)” (“;“i) is a 
combinatorial one. The author shows below that this function is related 
to a certain diophantine equation and that the function can therefore 
be studied without the usual recourse to a recursion formula for f(n). 
The main result of the paper is that f(n> is zero for exactly two integer 
values of n, namely n = 3 and 12. In addition, using f(n> two new 
combinatorial identities are derived. 
The study of the title function for real values of n and of the more 
general functionf(n, k) = &, (- l)$ (“;k”) is a completely open problem. 
The “conjugate” function g(n) = (-l)%f(n) is also of interest. Between 
n = 1 and n = 28 it takes the values of all perfect squares from 1 to 49. 
It is not known if it takes on all perfect squares as values. Nor is the 
Schnirelman density of the sequence ( g(n)l, for n > 12 known. 
1. A FUNDAMENTAL UNIT 
In this section we shall prove that a certain unit stated explicitly in a 
given cubic field, is the fundamental unit of this field. It provides the key 
to the proof of the main theorem. Our starting point is the cubic 
polynomial 
t;‘(X)=xs-x- 1. (1.1) 
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It represents a special case of polynomials of degree n > 2 investigated 
by the author in a previous paper [l, p. 1171. E’(X) has the following real 
root w  and a pair of conjugate roots w’ and w” (correct to the third 
decimal) 
w  = 1.3245; w’ = -0.6622 + 0.5621’ 
W” = -0.6622 - 0.5621’; (1.2) 
( w’ j = 1 W” 1 = 0.868. 
In [2, p. 4171 the authors assert that the real root 7) of x3 + x2 - 1 is a 
fundamental unit of Q(q). Now Q(w) = Q(q), because w  = 7-l; but 
because of the difficulty in reading [2] a new proof is given here that w  is a 
fundamental unit in Q(w). Some lemmas are necessary. 
LEMMA 1. (1, w, w2) is a minimal basis of Q(w). 
Proof, D(w), the discriminant of w  is the norm of 
F(w) = 1 + 3w2 = p. (1.3) 
From an easy calculation it follows that D(w) = 23, a prime, which proves 
the lemma. 
LEMMA 2. w is not the square of a unit in Q(w). 
Proof. Let 
w = (x + yw + zw2)2; x, y, z rational integers. (1.4) 
Squaring in (1.4) and putting w3 = 1 + w, we obtain by comparing 
coefficients of powers of w, 
(i) x2+2yz=0; 
(ii) z2+2xy+2yz= 1; 
(iii) y2 + z2 + 2xz = 0. 
(i) implies 2 ) x; hence from (iii), 4 1 y2 + z2, so that 2 1 y and 2 1 z; 
therefore, from (1.4), w/4 must be an integer, which is a contradiction, 
since all integers in Q(w) are of the form x + yw + zw2, x, y, z rational 
integers. 
LEMMA 3. w is not an sthpower of a unit in Q(w) for s > 2. 
Proof. Let 
q = x + yw 4 zw2; N(q) = fl; w  = 7”; s = 1 (mod 2). (1.5) 
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Let $, 7” be the conjugates of 7; then 
1 <w<2; O<)w’I=lw”l<l, 
(1.6) 
1 < 1 r] ) = -VW < 2; 0 < 17 I = 17” I < 1. 
Since x, y, z in (1.5) are rational integers, they may take only the values 
0, 1, - 1. None of these 27 possibilities leads to a value of 7 which 
satisfies 1 < 7 < w112, as the reader can easily verify. We can now state 
THEOREM 1. w  is a fundamental unit (> 1) in Q(w). 
The reader should note that, since F(X) has one real root, the number of 
members of a system of fundamental units in Q(w) is 1 + 1 - 1 = 1, 
by Dirichlet’s famous theorem. The group of units in Q(w) is generated 
by -1 and w. 
2. THE NORM EQUATION OF UNITS IN Q(w) 
The norm equation of units in Q(w) is of paramount importance for 
our further considerations. Let 
p = x + yw + zw2; x, y, 2 rationals. (2.1) 
p is an algebraic number in Q(w); it is an integer in the ring R[w], if 
x, y, z are rational integers, and a unit in Q(w), if I N(p)1 = 1. We obtain, 
with w3 = 1 + w, 
p = x + yw + zw2, 
wp = z + (x + 2) w  + yw2, 
w2p = y + (Y + 4 w  + (x + z) w2, 
x Y z 
N(p) = z x + z Y 
y Y4Z x+z 
= x3 + y3 + z3 - 3xyz + 2X2Z + xz2 - xy2 - yz2. (2.2) 
For reasons which will become obvious later, we are interested only in 
units of Q(w), p = fw” of binary form. We need only to find units of the 
form p = x + yw, because if *w” = yw + zw2, then &wn-l = y + zw, 
and if iw* = x + zw2, then fw n+l = z + (x + z) w. Therefore we shall 
find those units p from (2.1), for which z = 0. The corresponding norm 
equation (2.2) then takes the form 
9+y3-xy2= 1. (2.3) 
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The discriminant of z3 - z + 1 is -23; hence by [2, p. 3971 Eq. (2.3) 
has exactly five solutions. Obviously, (1, 0), (0, l), (1, 1) are solutions. 
A short calculation shows that w--~ = -1 + w  and w-l3 = 4 - 3w. 
Hence the remaining two solutions must be (-1, 1) and (4, -3). How 
these solutions relate to the functionf(n) is shown in the next section. 
3. THE POWERS OF w 
In this chapter we shall calculate the positive and negative powers of w  
by means of recursion formulas. We denote, for non-negative n, 
wn = I, + s,w + t,w2 = (I, ) s, ) tn). (3.0 
We then obtain 
w*+l = r,w + s,w2 + #,(l + w) = r,,, + s,+1w + f,+1W2, 
hence, by comparing coefficients, 
r n+1 = or, + OS, + l&I, 
s n+1 = lr, + OS, + l&l, 
n+1 = or, + l&I + Ot, . 
denoting 
T,,= f);t A=(: 8 b); detA 
E is the unit matrix. 
T,, = ET,, , 
T n+l = AT, , 
T s+2 = A2T,, , 
T ,,,e3 = A3T,, . 
From (3.3) we obtain 
--A 0 1 
IA-Ml= 1 --h 1 =O, 
0 1 --h 
hence the characteristic equation of A is 
P=h+ 1, 
= 
(3.2) 
1, 
(3.3) 
(3.4) 
(3.5) 
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T nis = T, -t- T,,, . 
To = 0; Tl = (;); T, = [)m 
From (3.2) we obtain 
s n+l = r, + r,+, ; t n+~ = r,-, + r, . 
Thus we need a recursion formula only for r, . Because of (3.6) 
(1 - x2 - x3) = C r,xn - 
W-0 
,C, b2xn - zd b-N 
= 1 - x2. 
From (3.9), viz. 
1 - x2 
l-X2-X+ _ = ,C, mxfz, 
we now obtain easily 
h+l = C (” -ik- ‘) 
k-0 
or, generally 
r, = C ( 
m-k-1 
k=O 1 2k - 1 + 2j.~ ’ 
m= !!* [I 2’ 
(3.6) 
(3.8) 
for n>l, 
- m. (3.10) 
Thus r, , s, , t, are all positive for n > 4, and the positive powers of w, 
viz. W% cannot have a binary form for n > 4. 
We obtain, by exactly the same methods for the negative powers of w, 
w-12 - g(n) + g(n - 2) w + g(n - 1) w2, II > 1. (3.11) 
Now, as we have seen, g(n - 1) = 0 only for n = 4 and n = 13. Thus 
g(3) = SW) = 0, hence f(3) = f( 12) = 0, 
and there are the only rational integers for whichf(n) vanishes, as stated 
in the introduction. 
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4. COMBINATORIAL IDENTITIES 
In this chapter we shall state two new combinatorial identities. They 
result from expressing g(rz) by r, and vice versa. We solve the system of 
equations 
(u+bw+cw2)(r+sw+tW2)=1, 
a, b, c, r, s, t rationals. 
Multiplying in (4.1) and putting w9 = 1 + w, we obtain, 
ar + cs + bt = 1, 
Putting 
cr + bs + (a + c) t = 0. 
br + (a + c) s + (b + c) t = 0. 
a + bw + cw2 = w-% = g(n) + g(n - 2) w + g(n - 1) ~2, 
r + sw + tw2 = wn = r, + s,w + t,w2, n > 0, 
we obtain easily from (4.2), (4.3) 
(4.1) 
(4.2) 
n 3 2, 
(4.3) 
r, = (g(n) + & - W2 - g(n - 2Mn - 1) + & - W. 
But, as can be easily verified, g(n + 3) + g(n + 2) = g(n), hence 
r, = (g(n - 3N2 - g(n - 4) dn - 2), n > 4. (4.4) 
From (3.10), (4.4) we obtain the combinatorial identity 
m, n as in (3.10). 
(4.5) 
In the same way we obtain, expressing the Q, 6, c by r, s, t from (4.2), (4.3) 
g(n) = rX+3 - rn+2r,+4 . (4.6) 
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